Abstract. Among many topological indices of trees the sum of distances σ(T ) and the number of subtrees F (T ) have been a long standing pair of graph invariants that are well known for their negative correlation. That is, among various given classes of trees, the extremal structures maximizing one usually minimize the other, and vice versa. By introducing the "local" versions of these invariants, σ T (v) for the sum of distance from v to all other vertices and F T (v) for the number of subtrees containing v, extremal problems can be raised and studied for vertices within a tree. This leads to the concept of "middle parts" of a tree with respect to different indices. A challenging problem is to find extremal values of the ratios between graph indices and corresponding local functions at middle parts or leaves. This problem also provides new opportunities to further verify the the correlation between different indices such as σ(T ) and F (T ). Such extremal ratios, along with the extremal structures, were studied and compared for the distance and subtree problems for general trees (2014)). In this paper this study is extended to binary trees, a class of trees with numerous practical applications in which the extremal ratio problems appear to be even more complicated. After justifying some basic properties on the distance and subtree problems in trees and binary trees, characterizations are provided for the extremal structures achieving two extremal ratios in binary trees of given order. The generalization of this work to k-ary trees is also briefly discussed. The findings are compared with the previous established extremal structures in general trees. Lastly some potential future work is mentioned.
Introduction
The study of questions related to distances in graphs dates back to as early as [8] , if not earlier, and has applications in many different fields. The sum of distances between vertices in a graph G σ(G) = u,v∈V (G)
where d G (u, v) is the distance between u and v in G, is also well known as the Wiener index [20] for its application in chemical graph theory. Numerous research articles have been published on problems related to the Wiener index. Of particular interest to our work are a number of extremal results on the Wiener index in trees [2, 3, 4, 5, 11, 12, 19, 22, 23] .
While the Wiener index is a representative of distance-based graph invariants, one of the first counting-based graph invariants is the number of subtrees, denoted by F (T ) for a tree T . This concept, in addition to its application in phylogenetic tree reconstruction [9] , received much attention from mathematicians and computer scientists in recent years. The extremal results on the number of subtrees of a tree have been established for various classes of trees [6, 10, 13, 14, 15, 24, 25] .
The above mentioned work led to an interesting observation, that among certain class of graphs/trees, the extremal structure that maximizes the Wiener index usually minimizes the number of subtrees, and vice versa. Such a correlation was further analyzed in [18] .
If σ(T ) and F (T ) are to be considered as the "global" functions defined on trees, the distance function at v
and the number of subtrees containing v in T (denoted by F T (v)) are the natural "local" versions. Extremal problems on such local functions lead to the definition of "middle parts" of a tree, which are collections of vertices that maximize or minimize certain functions. The first such result is on the set of vertices that minimize the distance function, called the centroid of a tree and denoted by C(T ) [8, 21] . It was shown that C(T ) contains one or two adjacent vertices. Another "middle part" of a tree, defined as the set of vertices that maximize F T (v), is called the subtree core of T and denoted by Core(T ) [13] . As further evidence of the correlation between σ(T ) and F (T ), the subtree core was also shown to contain one or two adjacent vertices. Furthermore, it is known that σ T (v) is maximized and F T (v) is minimized at a leaf vertex.
For vertices v ∈ C(T ) and u, w ∈ L(T ) (leaf set of T ), the extremal values of
, and σ(T )/σ T (w) were determined for a tree of given order in [1] . As an effort to further verify the negative correlation between the distance problem and the subtree problem, the extremal values of
, and F (T )/F T (w) were determined in [16, 17] for trees of given order, where v ∈ Core(T ), and u, w ∈ L(T )-the complete analogue of [1] . In [16] it was said that "extremal behavior of fractions is always more delicate than that of the numerator and denominator, therefore it is a natural step to see how far duality between Wiener index and the number of subtrees extend when we study extreme values of the ratios". See the table in [16] for a nice summary and comparison of the results in [1, 16, 17] .
Binary trees are trees in which every internal vertex is of degree 3, note that this is not to be confused with a rooted binary tree where every internal vertex has degree 3 except the root which has degree 2. The binary tree is an important data storage/search structure in information science, as well as a default model in many applications such as phylogenetic reconstruction. For earlier work on the Wiener index and the number of subtrees in binary trees one may see [5, 7, 13, 15] and the references therein.
We will, in this paper, consider some of the extremal ratios for distance and subtree problems in binary trees, further exploring the correlation between these two concepts. First in Section 2 we present some basic properties related to the distance function and number of subtrees in binary trees. We then consider, among binary trees of order n (for an even n), the minimum σ T (w)/σ T (v) (for w ∈ L(T ) and v ∈ C(T )) in Section 3 and minimum F T (v)/F T (w) (for v ∈ Core(T ) and w ∈ L(T )) in Section 4. In Section 5, we summarize our findings and further comment on the correlation between the distance and subtree problems. Generalizations to k-ary trees and topics for future work are also mentioned.
Preliminaries
We first present some facts related to distance and subtree problems in trees and binary trees. Although some of these observations may have been used or established (informally) in other studies, we include their justifications for completeness. These proofs also help us understand the basic techniques in dealing with distance and subtree problems in trees and binary trees.
The first such fact presents a simple but useful condition on a centroid vertex and its neighbor.
Proposition 2.1. For a vertex v ∈ C(T ) and its neighbor u, we have
with equality if and only if u ∈ C(T ). Here n uv (v) (resp. n uv (u)) is the number of vertices in the component containing v (resp. u) in T − uv.
Proof. Let T u and T v be the components of T −uv that contain u and v, respectively. Then
As v ∈ C(T ), we have that σ T (v) ≤ σ T (u) with equality if and only if u ∈ C(T ). The conclusion then follows.
A parallel statement for the subtree problem is the following. Proposition 2.2. For a vertex v ∈ Core(T ) and its neighbor u, we have
with equality if and only if u ∈ Core(T ).
Proof. Let F T (u, v) denote the number of subtrees of T that contain both u and v. Then
As v ∈ Core(T ), we have that F T (v) ≥ F T (u) with equality if and only if u ∈ Core(T ). Hence
Next we consider a rooted version of the extremal distance problem. This observation will be used frequently in our argument. Proposition 2.3. For a rooted binary tree T with root r and given number of vertices, σ T (r) is maximized by the "rooted binary caterpillar" (Figure 1 ) whose removal of a leaf neighbor of r results in a binary caterpillar. Proof. Assume that σ T (r) is maximized by T and r 1 , r 2 are two children of r. For any u ∈ V (T ), let T u be the subtree induced by u and the descendants of u. We only discuss the non-trivial case where V (T r1 ) ≥ V (T r2 ) and V (T r1 ) ≥ 3. Let P = rr 1 t 2 . . . t s−1 x be the unique path that connects r and x, where x is a vertex at maximum distance from r in T r1 . It suffices to prove that r 2 , r
is the unique neighbor of r 1 (resp. t i ) that is not in V (P ).
First note that by the extremality of x, t ′ s−1 must be a leaf. For any w ∈ {r 2 , r
} that is not a leaf, let w ′ and w ′′ be the two children of w.
Again a parallel statement for the number of subtrees is the following.
Proposition 2.4. For a rooted binary tree T with root r and given number of vertices, F T (r) is minimized by the "rooted binary caterpillar".
Proof. Assume that F T (r) is minimized by T and r 1 , r 2 are the two children of r. Similar to the previous proof we assume that V (T r1 ) ≥ V (T r2 ), V (T r1 ) ≥ 3 and let P = rr 1 t 2 . . . t s−1 x be the unique path that connects r and a furthest vertex x.
Again it suffices to show that the neighbors r 2 , r 
We now examine the subtrees containing r in T and T ′ . First it is easy to see that the subtrees not containing x or t ′ j stay the same in T and
′ in order to compare the number of subtrees containing r we only need to compare the number of subtrees containing r, t ′ j in T and r, x in T ′ . It is then easy to see
where A is the set of subtrees of S that contain r, t ′ j but not x, and B is the set of subtrees of S that contain r, x but not t ′ j .
To compare |A| and |B| we establish the following map:
It is easy to see that f is an injection but not a bijection, and hence |A| > |B|.
Similar arguments apply to the case of r 2 being an internal vertex. We skip the details.
For distance problems we also state the following which is a direct consequence of Proposition 2.3.
Proposition 2.5. For a rooted binary tree T with root r and r 1 , r 2 as the children of r, with given numbers of descendants of r 1 and r 2 respectively, σ T (r) is maximized when each subtree T ri (i = 1, 2), induced by r i and its descendants (rooted at r i ), is a rooted binary caterpillar.
Proof. With the above notations direct computation yields
maximized if and only if both σ Tr 1 (r 1 ) and σ Tr 2 (r 2 ) are maximized. Thus both T r1 and T r2 are rooted binary caterpillars by Proposition 2.3.
We first establish some characteristics of the tree T , the vertices w ∈ L(T ) and v ∈ C(T ), that achieves the minimum σ T (w)/σ T (v).
In this case, let P (w, v) denote the path connecting w and v. Let x be the unique neighbor of v on P (w, v) and let Then, by definition we have
where
σT (v) > 1 in non-trivial trees, to minimize (1) is equivalent to minimizing the positive expression
Now let
Let the two other neighbors of u ′ j be a and b, consider the tree
Simply, put T ′ to be the tree obtained from T by "moving" a branch A from the neighbor of u j to a leaf in T d−1 (since T is a binary tree, such a leaf must exist). See Figure 3 . From T to T ′ , we claim the following. Figure 3 , we have
Proof. We illustrate our proof with the case j = 1 and Figure 3 . First by definition we have
Since
as claimed. Similarly,
Combining (3) and (4), after simplification we have
which is equivalent to
Since T v and P (w, v) stay the same, from Lemma 3.1 we see that, from T to T ′ the numerator of (2) decreases and the denominator of (2) increases. Following the same logic one can "move" branches from any of the
and the value of (2) decreases. Thus, to minimize (2) we may assume that u i has a leaf neighbor for 1
Lemma 3.2. In the tree described above, if
} be the collection of vertices that are at least as far from u ′ as from w. It is easy to see that
where the last inequality holds as
Since our goal is to minimize (2) (and naturally picking the leaf vertex with the minimum σ T (·)), Lemma 3.2 implies that we cannot have d T (w, v) ≥ 3.
3.2. d T (w, v) = 2. Consequently in our extremal structure w must be the neighbor of x as in Figure 4 . 
For one thing, with fixed n v (and hence fixed numbers of vertices in both T w and T v ), (5) is obviously minimized when both σ Tw (v) and σ Tv (v) are maximized. By Propositions 2.3 and 2.5, our extremal structure is a "3-way caterpillar" as shown in Figure 5 .
Furthermore, by Proposition 2.1 we have n v > n − n v since v ∈ C(T ) and x / ∈ C(T ). Note that n is even (since T is a binary tree), we must have n v − 2 ≥ n − n v . Hence 
is minimized when σ T (v) is maximized. With given number of vertices on each side of v, Proposition 2.5 implies that (7) is minimized by when T is a binary caterpillar ( Figure 6 ). σT (v) for T 1 ( Figure 5 ) and T 2 ( Figure 6 ). It will be shown that T 2 achieves a smaller value for σT (w)
σT (v) . Lemma 3.3. With optimized structures T 1 and T 2 of order n, we have
with equality if and only if T 1 ∼ = T 2 .
Proof. First we consider σ T1 (v). Let the other two neighbors of v be x
′ and x ′′ , we denote by T x , T x ′ and T x ′′ the components containing x, x ′ and x ′′ (respectively) in T − v. For t ∈ {x, x ′ , x ′′ }, |V (T t )| is odd since T t is a rooted binary caterpillar. Furthermore, as v ∈ C(T ) and x / ∈ C(T ), we have that 3 ≤ |V (T x )| < n 2 and
By definition we have
Next we consider σ T2 (v). Let the other two neighbor of v are y ′ and y ′′ , we use T y ′ and T y ′′ to denote the components containing y ′ and y ′′ in T − v, respectively. Further assume, without loss of generality, that |V (T y ′ )| ≥ |V (T y ′′ )|. By the fact that v ∈ C(T ) and Proposition 2.1, we have
and
, n ≡ 0 (mod 4);
, n ≡ 2 (mod 4).
Following simple algebra we have
with equality if and only if
From Lemma 3.3 and (6), (7), we conclude this section with the main result.
Theorem 3.4. Among all binary trees with n (even) vertices, we have
, achieved by the binary caterpillar with v being a centroid vertex and w being its only leaf neighbor.
Similar to the last section, we start with examining the characteristics of the extremal structure through different cases.
Hence,
FT (w) is minimized when F Tv (v) is minimized (in order to maximize the negative term).
Let the children of v in T v (as rooted at v) be v 1 and v 2 , for i = 1, 2 we use T i to denote the subtree rooted at v i , induced by v i and its descendants (Figure 7) . Supposing without loss of generality that
Under these conditions, we now examine the lower bound of F Tv (v), and consequently that of 1 + F Tv (v) = F T (w).
Lemma 4.1. Let T be a tree of order n, defined above as in Figure 7 under condition (9), then 
with equality if and only if T ′ is a binary caterpillar rooted at r ′ . We now consider two different cases depending on the value of n mod 4.
Note that by (9), we have
2 . In this case, for i = 1, 2, we have
with equality if and only if T i is a binary caterpillar rooted at v i . Consequently 
By (9) we have
2 . In this subcase we have
with equality if and only if T 1 and T 2 are rooted binary caterpillars with |V (T 1 )| = 4.2. d T (v, w) = 2. In this case we let x / ∈ Core(T ) be the common neighbor of w and v, and denote by T x (resp. T v ) the component containing x (resp. v) in T − wx − xv (Figure 8 ).
Now we have Note that by Proposition 2.2, since v is in the subtree core but x is not, we have F Tv (v) > 2F Tx (x). Consequently the numerator of (11) is
implying that (11) is strictly less than 2 only when
in which case
This is minimized when (F Tv (v) + 1)F Tx (x) + 1 = F T (w) is minimized. Denote by y the third neighbor of x, and T y the component containing y in T − xy (Figure 9 ), we want to minimize F T (w) under condition (12) . We now consider the lower bound of F T (w) for such a tree.
Lemma 4.2. Let T be defined as in Figure 9 under condition (12), we have
Proof. First note that with our notations condition (12) is equivalent to
Hence on the one hand we have On the other hand we have
Similar to before, we now consider two cases depending on n mod 4. 
Hence
In this case, let x / ∈ Core(T ) be the unique neighbor of w and let v ′ / ∈ Core(T ) (resp. v ′′ ) denote the neighbor of x (resp. v) on the path P (v, x), Figure 10 ). Now we may repeat the argument in the previous section with w and v ′ and have It is easy to see that
when n ≡ 2 (mod 4). 
+1
, n ≡ 2 (mod 4)
, achieved by the binary caterpillar with v being a subtree core vertex (located in the middle) and w being its only leaf neighbor.
Concluding remarks
In this paper we studied the extremal ratios min σ T (w)/σ T (v) (for w ∈ L(T ) and v ∈ C(T )) and min F T (v)/F T (w) (for v ∈ Core(T ) and w ∈ L(T )) for binary trees. This is a first step in examining the correlation between the distance and subtree problems in binary trees through extremal ratios. Indeed we found that both extremal ratios are achieved by binary caterpillars with the leaf w adjacent to the middle vertex v, located in the middle of the backbone of the caterpillar.
In fact, our findings seem to suggest that the distance and subtree problems are even better correlated in binary trees than general trees, as the two extremal structure for min σ T (w)/σ T (v) and min F T (v)/F T (w) are not quite the same [1, 16] . Although both are formed by adding a pendant edge to a path, the locations of the pendant edge are very different. See Table 1 for a quick comparison. It is worth pointing out that our arguments can be directly generalized to analyze the extremal ratios min σ T (w)/σ T (v) (for w ∈ L(T ) and v ∈ C(T )) and min F T (v)/F T (w) (for v ∈ Core(T ) and w ∈ L(T )) for k-ary trees in general. We skip the technical details.
The natural next step is to consider max σ T (w)/σ T (v) (for w ∈ L(T ) and v ∈ C(T )) and max F T (v)/F T (w) (for v ∈ Core(T ) and w ∈ L(T )) for binary trees. For general trees, both extremal ratios are achieve by the so-called comet (a tree formed by identifying the end of a path with the center of a star). It seems reasonable to conjecture that the corresponding extremal structures in binary trees are formed by identifying an end of a binary caterpillar (the binary version of a path) and the root of a "rgood" binary tree (the binary version of a star). See, for instance, [13, 15] for details on these definitions. However, it appears to be difficult to prove such a statement or provide a counter example.
It is, of course, also interesting to investigate extremal ratios involving the global functions for binary trees. We intend to do exactly that in the near future.
